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Abstract 

Let G be a graph of order n and (2^) = det{xI—Q{G)) = X]r=i(~l)Vj3^"'~* 
be the characteristic polynomial of the signless Laplacian matrix of a graph G. 
We give some transformations of G which decrease all signless Laplacian coeffi- 
cients in the set B{n) of all n- vertex bicyclic graphs. B^{n) denotes all n- vertex 
bicyclic graphs with at least one odd cycle. We show that (obtained from 
C4 by adding one edge between two non- adjacent vertices and adding n — 4 
pendent vertices at the vertex of degree 3) minimizes all the signless Laplacian 
coefficients in the set 13^{n). Moreover, we prove that (obtained from -fC2,3 
by adding n — 5 pendent vertices at one vertex of degree 3) has minimum sign- 
less Laplacian coefficients in the set B'^{n) of all n- vertex bicyclic graphs with 
two even cycles. 

Key words: Signless Laplacian coefficients; TU-subgraph; Bicyclic graph 
AMS Classifications: 05C50, 05C07. 

1 Introduction 

Let G be a simple undirect bicyclic graph. V{G) and E[G) denote its vertex set 
and edge set, respectively. For every bicyclic graph G, \E{G)\ = \V{G)\ + 1. Let 
d{vi) denote the degree of vertex Vi, and let D{G) = diag{d{vi),d{v2), ■ ■ ■ ,d{vn)) be 
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the diagonal matrix of G. Furthermore, let A{G) be the adjacent matrix of G. The 
Laplacian matrix of G is L{G) = D{G) — A{G), and the Laplacian characteristic poly- 
nomial is denoted by Lc{x) = det{xl — L{G)) = l)'^CfcX"~'^. The Laplacian 
coefficients Ck{G) of a graph G can be expressed in terms of subtree structures of G 
by the following result of Kelmans and Chelnokov [16]. Let F be a spanning forest 
of G with k components Ti,T2, - ■ ■ , Tg, Ti has |V^(Tj)| vertices, let 



7(i^) = ntiim)i- 

Theorem 1.1 (116]) Let J^k be the set of all spanning forests of G with exactly 
k components. Then the Laplacian coefficient Cn-k{G) is expressed by Cn-k{G) = 

Recently, the study on the Laplacian coefficients have attracted much attention. 
Mohar |17] fist investigate the Laplacian coefficients of acyclic graphs under the partial 
order ^. Zhang et al. [21] investigated ordering trees with diameters 3 and 4 by the 
Laplacian coefficients. Ilic [13] determined the n-vertex tree of fixed diameter which 
minimizes the Laplacian coefficients. Ilic [H] determined the n-vertex tree with given 
matching number having the minimum Laplacian coefficients. He and Li [llj studied 
the ordering of all n-vertex trees with a perfect matching by Laplacian coefficients. Ilic 
and Ilic [12] studied the n-vertex trees with fixed pendent vertex number and 2-degree 
vertex number which have minimum Laplacian coefficients. Stevanovic and Ilic |19] 
investigated the Laplacian coefficients of unicyclic graphs. Tan [20] characterized the 
determined the n-vertex unicyclic graph with given matching number which minimizes 
all Laplacian coefficients. He and Shan studied the Laplacian coefficients of 
bicyclic graphs. 

The signless Laplacian matrix of G, Q{G) = D{G) + A{G), which is related to 
L{G), has also been studied recently (see [1-5, [TB]]). The signless Laplacian char- 
acteristic polynomial is denoted by Qg{x) = det{xl — Q{G)) = X]r=i ("-'-) Vj^"~*- 
Using the notation from [2], [18], a TU-subgraph of G is the spanning subgraph of G 
whose components are trees or odd unicyclic graphs. Assume that a TU-subgraph H 
of G contains c odd unicyclic graphs and s trees Ti, ■ ■ ■ , T^. The weight of H can be 
expressed by W{H) = 4:'^Y[i=i which Ui is the number of Tj. If H contains no 

tree, let W{H) = 4^. If H is empty, in other words, H does not exist, let W{H) = 0. 
The signless Laplacian coefficients fi{G) can be expressed in terms of the weight of 
TU-subgraphs of G. 
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Theorem 1.2 (J^.fTB^) Let G be a connected graph. For ^pi as above, we have 9?o = 1 
and 

= ^W{Hi),i= I,-- - ,n; 
where the summation runs over all TU-subgraphs Hi of G with i edges. 



From Theorem 11.21 it is obvious that for a n-vertex connected bicychc graph G, 
if,{G) = 2\E{G)\ = 2{n + l). 

When G is non-bipartite graph, then G has at least an odd cycle Ci. Every TU- 
subgraph of G with n edges is obtained by deleting the edges of E{G2) \ {E{Ci) fl 
E{C2)). Therefore, 



^n{G) = I 



Ue{C2) \ {E{G,) n E{G2))\, if ^(Ca) is even 

[Ell \E{G,) \ (i?(Ci) n E{C2))\, if 9iG2) is odd. 



When G is bipartite graph, G has no odd cycle, then ipniG) = 0, and Lpn-iiG) 
counts the number of all spanning trees of G. Every TU-subgraph of G with n — 1 
edges is obtained by deleting one edge Ci of Ci and one edge 62 of G2 (ci 7^ 62), 
respectively. Thus, 



(Pn-l{G) 



I \EiC^)\\EiG2)\ - \Eic, n C2)|(|i?(Ci n ^2)! - 1), if \E{C, n C2)| > 1 
[\E{Ci)\\E{G2)\, if |E(CinC2)|=0. 



Moreover, L{G) and Q{G) have the same characteristic polynomial, so Ci{G) = 
ipi{G), 2 = 0, 1, 2, ■ ■ ■ , n, and the expression of in Theorem ll.2l is equivalence to the 
expression of Cj in Theorem 1 

The eigenvalues of L{G) and Q{G) are denoted by jJ^iiG) > ■ ■ ■ > UniG) = and 
> ■■■ > i^n{G), respectively. The incidence energy of G, IE{G) for short, is 
defined as IE{G) = V^MG) (see [7], [8], [15]). 

Mirzakhah and Kiani [TH] presented a connection between the incidence energy 
and the signless Laplacian coefficients. 

Theorem 1.3 (118]) Let G and G' be two graphs of order n. If (pi{G) < (Pi{G') for 
l<i<n, then IE{G) < IE{G') and IE{G) < IE{G') if ip^{G) < ip^{G') for some i 
holds. 



Mirzakhah and Kiani in [18] gave some results about the signless Laplacian co- 
efficients of a graph G and ordered unicyclic graphs with fixed girth based on the 
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signless Laplacian coefficients. He and Shan in [10] characterize the graph which has 
minimum Laplacian coefficients among all bicyclic graphs. Motivated by these re- 
sults, we characterize the graphs which have minimum signless Laplacian coefficients 
in B^{n) and i3^(n). 

This paper is organized as follows: In the next section, we introduce some results 
from the literature which are useful in this paper. In Section 3, several transformations 
which simultaneously decrease all the signless Laplacian coefficients are given. In 
Section 4, we order the graphs in several sets, and in each set all graphs have the 
same bases. In Section 5, by using the results of Section 3 and 4, we prove that 
Bj^ has minimum signless Laplacian coefficients in B^{n), as well as incidence energy. 
Meanwhile minimizes all the signless Laplacian coefficients and incidence energy 
in the set S^(n). 

2 Preliminaries 

Let G be a graph which is not a star, let f be a vertex with degree p + 1 in G, such 
that it is adjacent with {u, vi, V2, - ■ ■ , Vp}, where {vi, ^^2, ■ ■ ■ , Vp} are pendent vertices. 
The graph G' = cr{G, v) is obtained from deleting edges vvi, VV2, ■ ■ ■ , vVp and adding 
edges uvi, uv2, ■ ■ ■ , uVp. 

Theorem 2.1 (118]) Let G he a connected graph and G' = cr{G,v), then ifi{G) > 
ipi{G'), for every < i < n, with equality if and only if either i G {0, 1, n} when G is 
non-bipartite, or i E {0, 1, n — 1, n} otherwise. 

Let G = Gi\u : G2\v he the graph obtained from two disjoint graphs Gi and G2 
by joining a vertex u of Gi and a vertex v of G2 by an edge. For any graph G and 
V G V{G), let Lg\v{x) be the principal submatrix of Lg{x) obtained by deleting the 
row and column corresponding to the vertex v. 

Theorem 2.2 ([FJ) If G = Gi\u : G2\v, then Lg{x) = Lg^{x)Lg2{.x)—Lgi{x)Lg2\v{,x) — 
Lg.Ax)Lg^\u{.x). 

Theorem 2.3 ('^) If G he a connected graph with n vertices which consists of a 
subgraph H{V{H) > 2) and n— \ V{II)\ pendent vertices attached to a vertex v in H, 
then Lg{x) = {x- 1)("-I^(^)I)Lj^(x) - (n - \V{H)\)x{x - 1)("-I^(^)1-i)Lj^|,(x). 
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Throughout this paper, we use the following notations. Let B{n) denote all bicyclic 
graphs with n vertices. For every graph G G B{n), the lengths of the two minimal 
cycles Ci, C2 of G is denoted by g{Ci), g{G2), written by gi, g^ for short. It is obvious 
that^i = |y(Ci)|,^72 = mC2)|. Let 

B^{n) = {G\G G B{n), at least one of gi,g2 is odd }, 

B'^{n) = {G\G G B{n), both gi and g2 are even }. 

Let -B^ denote the graph obtained from C4 by adding one edge between two non- 
adjacent vertices and adding n — 4 pendent vertices at the vertex of degree 3, and B"^ 
denote the graph obtained from ^'2,3 by adding n — 5 pendent vertices at one vertex 
of degree 3, where C4 is a cycle with 4 vertices and i^2,3 is a complete bipartite graph 
with 2 and 3 vertices in the two sets, respectively. 

Using the notations in [9] and ^Q\, we divide B{n) into three types. Let G denote 
the base of G, which is the minimal bicyclic subgraph of G. It is easy to see that G 
can be obtained from G by deleting pendent vertices consecutively. Let B{p, q) be 
the bicyclic graph obtained from two vertex-disjoint cycles Gp and Cq by identifying 
vertex u of Gp and vertex v oi Gq. Let B{p,l, q) be the bicyclic graph obtained from 
two vertex-disjoint cycles Gp and Gq by joining vertex u of Gp and vertex v of Gq 
by a path uuiU2 ■ ■ ■ ui-iv of length /(/ > 1). Let B{Pk, Pi, Pm^im < I < k) he the 
bicyclic graph obtained from three pairwise internal disjoint paths of lengths k, I, m 
from vertices x to y. (see fig.l). Define B{n) = Bi{n) U B2{n) U B^^n), where 

Bi{n) = {G\G G B{n),G = B{p,q),p >3,q> 3}, 

B2{n) = {G\G G B{n),G = B{p, l,q),p,q > 3,1 > 1}, 
Bs{n) = {G\G G B{n),G = B{Pk, Pi,P^),l <m <l < k]. 

3 Transformations 

A pendent edge is an edge which is incident to a vertex of degree 1. Let Ng{v) 
denote the neighbors of v in the graph G. In this paper, we only consider the cycles 
of minimal lengths in G and denote the cycles Ci, C2, ■ ■ ■ . Write Gi < G, if Gi is 
a subgraph of G. If two cycles Ci, G2 of G has the form B{Pk, Pi, Pm), then assume 
\V{Gi)nV{G2) \ = min{A;,/,m}. 
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B(p,q) B(p,l,q) 





Definition 3.1 Let G be a simple connected graph with n vertices, and let uv he a 
nonpendent edge which is not contained in the cycle of G, let Guv obtained from G 
by identifying vertices u and v and add a new pendent edge ww' to the new vertex w. 
(see fig. 2). 

Theorem 3.2 Let G be a n-vertex connected graph, let G and Guv be the two graphs 
presented in definition 2.1. Then 

ViiG) > (pi{Guv),i = OA, - ■ ■ ,n, 

with equality if and only if either i G {0, 1, n} when G is non-bipartite, ori& {0, 1, n — 
1, n} otherwise. 

Proof. From Theorem II. 2[ according to the previous section, we have 

iPoiG) = Lpo{Guv),^iiG) = (piiGuv)- 
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Since this transformation does not change the length of the cycles, thus, i^niG) = 
^PniGuv), and when G is bipartite, Lpn-i{G) = iPn-i{Guv)- 

When G is non-bipartite, for 2 < i < n — 1, denote "H- and Hi the sets of all 
TU-subgraphs of Guv and G with exactly i edges, respectively. For an arbitrary TU- 
subgraph H' G T-L'^, let R' be the component of H' containing w. Let Njii{w)nNG{u) = 
{ui„Ui„--- ,Ui^}, where < r < minldcM - - Nniw) n Ndv) = 

{vi„Vi^,-- ■ ,Vi,}, where < s < mm{dG{v)-l, \V{R')\-1}. Define if with V{H) = 

V{H') - {w,w'} + {u,v}, if ww' ^ E{H'), E{H) = E{H') - wui^ wui^ - 

wvi^ — ■ ■ ■ — wvi^ + uui^ + • ■ ■ + uui^ + vvi^ + ■ ■ • + vvi^. If ww' G E{H'), let E{H) = 

E{H')—WUi^ — - ■ ■—WUi^.—WVi^—- ■ ■ — WVi^+UUi^ + - ■ ■ + UUi^ + VVi^ + - ■ ■ + vvi^+uv — ww' . 

Let / : ^ H,, and = f{H[) = {f{H')\H' G U'^. 

Now we distinguish H'^ into the following three cases. Denote Gi the connected 
component containing u after deleting uv from G, and let G2 be the connected com- 
ponent containing v after deleting uv from G. 

Case 1: ww' G H', then H and H' have all the components of equal size, thus 
W{H) = W{H'). 

Case 2: ww' ^ H', w is in an odd unicyclic component U' of H', By the symmetry 
of Gi and G2, without loss of generality, assume the odd cycle of U' is a subgraph of 
Gi. Assume U' contains a vertices in G2\{w} [a > 0), then W{H') = 4 ■ 1 ■ N, for 
some constant value A^, W{H) = 4 ■ (a + 1) ■ iV. Thus W{H) > W{H'). 

Case 3: ww' ^ H', w is in a tree T' of H'. Assume T' contains b vertices in 
Gi\{w} and c vertices in G2\{w}, then W{H') = (b + c+l) ■!■ N, for some constant 
value N, W{H) = {b + 1) ■ {c + 1) ■ N . Thus W{H) > W{H'). 

Therefore, by above discussions, (pi{G) > Lpi{Guv),i = 2, ■ ■ ■ ,n — 1 holds. 

When G is bipartite, it is easy to prove (pi{G) > ipi{Guv), i = 2, - ■ ■ , n — 2 by using 
above discussions of Case 1 and Case 3. ■ 

Remark. When the subgraph induced by V{G2) is a star, it is easy to see that the 
result of Theorem 12.11 is a special case of Theorem 13.21 

Using the transformation of Definition 13.11 consecutively, every graph in -62 (ri) 
can be transformed into a graph which belongs to Bi{n), and keep all the signless 
Laplacian coefficients not increased. Thus the graph which has minimum signless 
Laplacian coefficients must belong to Bi{n) or Bs^n). 

Definition 3.3 Let G = {V, E) be a connected graph with at least one cycle Gi 
iyiCi) > 5). Let u,v,w E V{Gi) andu ~ v, t> ~ lo. Assume Nciu) = {v, ui, U2, - ■ ■ }, 
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Ng{v) = {u,w,vi,V2,- ■ ■},NGiw) = {v,wi,W2,- ■ ■}, and NciujnNGiv) = 0,A^G(^^)n 
Ng{w) = 0, Ng{u) n Ng{w) = 0, then the graph 

G' = G — {VW, WWi, WW2, ■ ■ ■ , VVi,VV2, ■ ■ • } + {UW, UWi, UW2, ■ ■ ■ , UVi, UV2, ■ ■ ■}■ 

Theorem 3.4 Let G = (V, E) be a connected graph with at least one cycle Ci 
(YiCi) > 5). Let u,v,w G V{Gi) and u ^ v,v ^ w as defined in Definition \3.3[ If 
the following statements hold: 

(1) . If3C2,G2 < G, such that \V{Gi)r\V{C2)\ < 2, then u,v,w satisfy \{u,v,w}n 
V{G2)\ = 0,orl. 

(2) . If3C3,C3 < G, such that \V{Ci)nV{G3)\ = 3, thenu,v,w satisfy \{u,v,w}n 
V{G2)\ = 0,or3. 

(3) . If^Ci.Gi < G, such that |V^(Ci)nV'(C4)| > A, thenu,v,w satisfy \{u,v,w}n 
V{G2)\ = 3. 

Then by performing the transformation of Definition \3.3\ to u,v,w, fi{G) > 
iPi{G'), z = 0, 1, ■ ■ ■ ,n, with equality if and only if i & {0, 1}. 

Proof. ^q{G) = Lpo{G'), and since this transformation does not change the number 
of edges of G, so (pi{G) = ipi{G'). Next suppose 2 < i < n, denote "H- and Hi the 
sets of all TU-subgraphs of G' and G with exactly i edges, respectively. 

First assume G2 exists, C3 and C4 do not exist, and \{u,v,w} fl V{C2)\ = 1, 
without loss of generality, assume u G V{Gi) fl V{C2) and there is no other cycle 
which contains v or w except Ci. Then all of u,v,w belong to exactly one cycle Ci. 
In the discussion below, if there is no odd cycle which satisfies some case, then we 
think this case does not exist. 

For an arbitrary TU-subgraph G "H-, let R' be the component of H' containing 
u. Let Njii{u)nNG{w) = {wi-^, Wi^, ■ ■ ■ , Wi^}, where < r < mm{dG{w) — 1, \ V{R') \ — 
1}, NR,{u)nNG{v) = {vi„Vi„--- ,Vi^}, where < s < mm{dG{v) - 2,\V{R') \ - 1}. 

Define H with V{H) = V{H'), if uw ^ E{H'), E{H) = E{H') - uwi^ uwi^ - 

uvi^ — ■ ■ ■ — uvi^ + wwi^ + ■ ■ ■ + wwi^ + vvi^ + ■ ■ ■ + vvi^. If uw G E{H'), E{H) = 

E{H')-uWi^ uwi^-uvi^ uvi^ +wWi^-\ \-wWi^+vVi^ H \-vVi^ -uw+vw. 

Let / : -> H„ and K* = f{n[) = {f{H')\H' G K'^. 

For convenience, write "H- as "H', and "Hj as "H. If we include u, f, it; in a component 
of H', then we have components of equal sizes in both TU-subgraphs H' and H, and 
thus W{H) = W{H') in these cases. Denote 7/'(°) = {H'\uv G H',vw G H'}. Now 
we can assume that u, v, w belong to 2 or 3 components. 
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We distinguish V.' into the following three cases. 

Case 1: u\s not in an odd unicyclic component of H' . H — f{H'). Assume u e T{, 
and there are ai + 1 vertices in the component containing u in H — uv and 02 + 1 
vertices in the component containing w in H — vw, a^ + l vertices in the component 
containing v in H — uv — vw (oi, 02, 03 > 0). Denote N be the product of all the 
orders of components of H' except the components containing u, v, w. 

Subcase 1.1: uv e H',uw ^ H', then W{H') = (ai + 02 + 03 + 2) • 1 • A^, for 
some constant value N. W{H) = (oi + 03 + 2) • (02 + 1) • AT, so W{H) - W{H') = 
[02 • (ai + 03 + 1)] • AT > 0. Denote H'^^^^ = {H'\u E T[,uv E H',uw ^ H'}. Then 
j:H'en'i^n[WiH)-WiH')]>0. 

Subcase 1.2: uv, uw ^ H' , W{H') — (oi + 02 + 03 + 1) • 1 • 1 • A^, for some constant 
value A^. W{H) = (ai + 1) • (02 + 1) • (03 + 1) • A^, so W{H) - W{H') > 0. Denote 
^/(i2) ^ |^/|^ g Ti,uv,uw ^ H'}. Then Eff'ew'd^) [^^(^^) - W(H')] > 0. 

Subcase 1.3: uv ^ H'.uw e H', then W{H') = (ai + 02 + 03 + 2) • 1 • AT, for 
some constant value N. W{H) = (aa + 03 + 2) • (oi + 1) • AT, so W{H) - = 
[ai ■ (02 + aa + 1)] • A > 0. Denote n'^^^^ = G Ti,uv ^ H',uw e ii"'}. Then 

EH'en'(r.r>[W{H)-W{H')]>0. 

Case 2: n is in an odd unicyclic component U' of and C[ is a subgraph of U'. 

Subcase 2.1: uv, uw ^ H', then = 4 ■ 1 ■ 1 ■ A^, for some constant value A^. 

W{H) > {g{Ci) - 1) ■ 1 ■ AT, so W{H) - W{H') > {g{Ci) - 5) ■ A^ > by g{Ci) > 5. 
Denote ^/'(^i) _ |^/|^ ^ U',uv,uw ^ H'}, then EH'e-H'(2i) [^(^) " > 0- 

Subcase 2.2: uv ^ H' , uw G H' or uw ^ i/', -uv G H' , then = 4 ■ 1 ■ A^, for 

some constant value A^. W{H) > g{Ci) ■ N, so W{H) - W{H') > {g{Ci) - 4) • A > 
by g{Ci) > 5. Denote H'^'^^^ = {H'\u G U',uv ^ H',uw G H' or uw ^ H',uv G i/'}, 
then EH'eH'(^'4W{H) - W{H')] > 0. 

Case 3: u is in an odd unicyclic component U' of H', and C{ is not a subgraph of 
U'. Without loss of generality, assume the subgraph C2 of G is a subgraph of U'. 

Subcase 3.1: uv, uw ^ H', then W{H') = 4 ■ 1 ■ 1 • A^, for some constant value A^. 
Assume the order of the tree in H containing v, w is 61,62(^1,^2 > 1), respectively. 
W{H) = 4 • 61 ■ 62 ■ AT, so W{H) - W{H') > 0. Denote T^'^^i) = |^'|^ ^ ^ 
H'}, then EH'eH'i-^AW{H) - W{H')] > 0. 

Subcase 3.2: uv ^ H' , uw G H' or uw ^ H' , uv G H' , then Vl/(i/') = 4 ■ 1 • A^, for 
some constant value A^. Assume the order of the tree T in H containing w is c. Since 
veT, thus c > 1. ly(i^) = 4-c- A, so W{H)-W{H') > 0. Denote _ |^/|^ ^ 

[/', -ui; ^ H', uw G i7' or uw ^ H', uv G H'}, then EH'e-H'(32) [W^(^) - W{H')] > 0. 
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Thus by summing over all possible subsets of ("H- = H'^^^ U "H'^") U H'^^"^^ U 
^^(13) u^/(2i) y^.(22) u^/(3i) y^/(32))^ from Theorem O and / is an injection on the 

whole. Then 



(^.(G") = W{H') < 



HGH* He-Hi 



holds for i = 2, 3, ■ ■ ■ ,n — l,n. 

For other cases in which u,v,w satisfy, the discussion is similar, thus we omit it. 



Remark. When C2 exists, and |{-u, v, w} fl V(C2)| = 0, or 1, then after performing 
transformation in Definition 13. 3 [ g{C[) = g{Ci) — 2,g{C2) = 5'(C*2). 

When C3 exists, and \ {u, v, w}r\V{Cs) \ = 0, then after performing transformation 
in Definition E31 g{C[) = g{C^) - 2,g{C'^ = g{C^). 

When C3 (resp. C4) exists, and \{u,v,w}r\V{C^)\ = 3 (resp. \{u,v,w}nV{C4)\ = 
3), then after performing transformation in Definition 13. 3[ g{C[) = g{Ci) — 2, g{C'^) = 



- 2 (resp. g{C^)=g{C,)-2). 

4 The ordering of graphs in seven special sets 



For convenience, we define i?(3,3) as Bi, and V{Bi) = {x,u,v,w, z}, where 
d{u) = d{v) = d{w) = d{z) = 2,d{x) = 3. The graph Bi{a,b,c,d,e) is obtained 
from Bi by adding a, b, c, d, e pendent vertices at vertices x, u, v, w, z, respectively. 

We define S(3,4) as B2, and V{B2) = {ui,U2,Us,U4,U5,uq}, where d{u2) = 
d{u^) = d{u4) = d{u^) = d^uo) = 2,d{ui) = 4. The graph B2{a,b, c, d, e, f) is ob- 
tained from B2 by adding a, b, c, d, e, / pendent vertices at vertices Ui,U2, U3, U4, M5, Uq, 
respectively. 

We define B{P2, P2, Pi) as B3, and V^B^) = {u,v,w, z}, where d{w) = d{z) = 
2,d{u) = d{v) = 3. The graph B-i,{a,b,c,d) is obtained from B^ by adding a,b,c,d 
pendent vertices at vertices u, v, w, z, respectively. 

We define B^P^, P2, Pi) as B4, and V^B^) = {u,v,w, z,x}, where d{w) = d{z) = 
d{x) = 2, d{u) = d{y) = 3. The graph B^i^a, b, c, d, e) is obtained from B4 by adding 
a, b, c, d, e pendent vertices at vertices u, v, w, z, x, respectively. 

We define B^P^,, P2, P2) as B^, and V{Brj) = {u,v,Ui,vi,wi,W2}, where d{u) = 
d{v) = 3,d{ui) = d{vi) = d{wi) = d{w2) = 2. The graph B5{a,b,c,d,e, f) is ob- 
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tained from by adding a, b, c, d, e, / pendent vertices at vertices u, v, ui, vi, wi,W2, 
respectively. (See fig. 3). 

Lemma 4.1 Let Bi{a,b,c,d,e) be the graph defined above, if we move all pendent 
edges from vertices u, v, w, z to vertex x. Ifa-\-b + c + d^O, then 

iPi{Bi{a, b, c, d, e)) > ipi{Bi{a + 6 + c + (i + e, 0, 0, 0, 0)), i = 0, 1, ■ ■ ■ ,n, 

with equality holds if and only if i E {0, l,n — l,n}. 

Proof. The equality (pi{Bi{a, b, c, d, e)) = ipi{Bi{a + b + c + d + e,0,0,0,0)),i = 
0, 1, n — l,n can be proved as the proof of Theorem 13.21 

For 2 < i < n — 2, denote "H- and "H, the sets of all TU-subgraphs of G' and 
G with exactly i edges, respectively. Let = U U U U Tif, where 

{j = 1, 2, 3, 4, 5) denotes vertices u, v, w, z, x belong to exactly j components. Til 
can be defined similarly. 

For an arbitrary H' G "H-, assume x is in a component R' of H'. Denote 
ai( resp. 6i, Ci, di, ei) be the number of isolated vertices in the set Ng'{x) fl Ng{u) 
( resp. Nc'ix) D Ndv), Ndx) n A^gH, iVcK^;) n A^g(^), iVcK^^) n (A^g(m) \ {v, z})). 
Write A = a + l-ai,B = b+l-bi,G = c+l-ci,D = d+l-di,E = e + l-ci, with- 
out loss of generality, assume Ng{u) fl Nri^x) = {u^, ■ ■ ■ ,u''^^'^}, Ng{v) fl Njii{x) = 
{v\ ■■■ , v'-'^}, NcHnNn'ix) = {nj\ ■ ■ ■ , w"-^^}, NG{z)nNn'{x) = {z\-- - , z'-'^}, 
and {Ng{x) \ {v,z})r]NR,{x) = {x\--- Define H with V{H) = V{H'), 

E{H) = E{H') -{xu\--- , xu^-^' ,xv\-- - , xv'-"' ,xw\--- , xw'^-'^^ , ■ ■ ■ , xz^'^^ } 

- ,uv!'~^\vv^, - ■ ■ ,vv''~''\wuj^,--- ,ww'^~'^\zz^,--- ,zz''~''^}. 

Then H G Hi, let f : % ^ H„ and H* = f{H'i) = {f{H')\H' G H'i}. It is easy to 
see that H' G ^ H E nj,] = 1, 2, 3, 4, 5. 

If we include vertices u,v,w,z,x in a component of H', we have equal sizes of 
components in H' and H, respectively. Then W{H') = W{H). 

Assume vertices u, v, w, z, x belong to at least two components. We distinguish 
the proof into two cases. 

Case 1: When all components of H' are trees, and denote the set of this kind of 
H' as Then 'ZweH'^^i^W - W{H')) > 0, with equality holds if and only if 

i G {0, 1, n — 1, n} by Lemma 3.4 in |10j . 



11 




a a 



5i(a,b,c,d,e) S2(a,b,c,d,e,f) S3(a,b,c,d) 



a 




57(a,b,c,d,e,f) 58(a,b,c,d,e,f,g) 

Figure 3: Seven types of bicyclic graphs 
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Case 2: When vertex x belongs to an odd unicyclic component [/', without loss 
of generality, assume Ci : uvx is a subgraph of U' . 

Subcase 2.1: Both {w,z} belong to U\ then W{H') = A,W{H) = 4. Denote the 
set of this kind of H' as W,^^.. Then T^weW (^(^) - W{H')) = 0. 

(21) 

Subcase 2.2: At most one vertex in {w, z} belongs to U'. Denote the set of this 
kind of H' as Hl^^y When wx G H',wz,xz ^ H', then W{H') = 4 ■ l,W{H) = 
4 ■ D, thus W{H) - W{H') > 0. When xz e H', wz, wz ^ H', then W{H') = 
4 ■ l,W{H) = 4 ■ C, thus W{H) - W{H') > 0. When wz G H',wx,xz ^ H', then 
W{H') =4-2, W{H) = 4-{C + D), thus W{H) - W{H') > 0. When wz, wx, xz ^ 
H', then W{H') = 4 ■ 1 ■ l,W{H) = A ■ C ■ D, thus W{H) - W{H') > 0. Then 
j:H'e^jWiH)-W{H'))>0. 

Thus by summing over all possible subsets of Ti'^, = Ti'^^-^ UTi'^^^-^ from 
Theorem 11.21 and / is an injection on the whole. Then 

H'eU', H&n* H&Hi 

holds for i = 2,3, ■ ■ ■ ,n — 1. 
■ 

Similar to the proof of Lemma WA] and by Lemma 3.2 and Lemma 3.3 in [10], the 
following Lemma holds: 

Lemma 4.2 (1). Let B2{a,b,c,d,e, f) be the graph defined above, if we move all 
pendent edges from vertices U2, to vertex Ui. If b + c ^ 0, then 

ipi{B2{a, b, c, d, e, /)) > (pi{B2{a + 6 + c, 0, 0, ci, e, /)), i = 0, 1, ■ ■ ■ , n, 

with equality holds if and only if i & {0, l,n — l,n}. 

(2) . Let i?2(a, 0, 0, d, e, /) be the graph defined above, if we move all pendent edges 
from vertices U4^,u^, uq to vertex Ui. Ifd + e + fj^O, then 

ipi{B2{a, 0, 0, d, e, /)) > ifi{B2{a + + e + /, 0, 0, 0, 0, 0)), 2 = 0, 1, ■ ■ ■ , n, 

with equality holds if and only if i E {0, l,n — 1, n}. 

(3) . Let B^la, b, c, d) be the graph defined above, if we move all pendent edges from 
vertices v, w, z to vertex u. Ifb + c + d^O, then 

ipi{B'^{a, b, c, d)) > (pi{Bs{a + b + c + d, 0,0,0)), i = 0,1, ■■ ■ ,n. 
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with equality holds if and only if i G {0, 1, n — 1, n}. 

(4) - Let i?4(a, 6, c, d, e) be the graph defined above, if we move all pendent edges 
from vertices x to vertex u. If e^ 0, then 

iPi{Bi{a, h, c, d, e)) > ^pi{Bi{a + e, 6, c, ci, 0)), z = 0, 1, • • • , n, 

with equality holds if and only if i E {0, l,n — l,n}. 

(5) . Let B4{a,b,c,d,0) be the graph defined above, if we move all pendent edges 
from vertices w,z to vertex u. If b + c 0, then 

iPi{Bi{a, b, c, d, 0)) > ipi{B^{a + c + (i, 6, 0, 0, 0)), i = 0, 1, • • • , n, 

with equality holds if and only if i E {0, l,n — l,n}. 

(6) . Let 54(0,^,0,0,0) be the graph defined above, if we move all pendent edges 
from vertices v to vertex u. If b ^ 0, then 

^iiB^a, b, 0, 0, 0)) > ip^{B4{a + 6, 0, 0, 0, 0)), i = 0, 1, • • • , n, 

with equality holds if and only if i e {0, 1, n — 1, n}. 

(7) . Let B^{a, b, c, d, e, /) be the graph defined above, if we move all pendent edges 
from vertices {ui, U2, vi,V2, w} to vertex u. Ifb + c + d + e + f^O, then 

ifiiB^ia, b, c, d, e, /)) > ipiiB^ia + 6 + c + d + e + /, 0, 0, 0, 0, 0)), i = 0, 1, • • • , n, 

with equality holds if and only if i e {0, 1, n — l,n}. 

For convenience, we define Bi^P^, P3, Pi) as Bq, and V{Bq) = {ui, U2, U4, w^, W4}, 
where (/(ms) = d{u4) = d^w^) = d{w4) = 2, d{ui) = d{u2) = 3. The graph 
^6(0, b, c, d, e, /) is obtained from Bq by adding a, b, c, d, e, / pendent vertices at ver- 
tices Ui, U2, U3, U4, W3, W4, respectively. 

We define B{P2, P2, P2) as S7, and ^^(Py) = {u,v,ui,ivi,vi}, where d{ui) = 
d{vi) = d{wi) = 2,d{u) = d{v) = 3. The graph BQ{a,b,c,d,e) is obtained from B^ 
by adding a, b, c, d, e pendent vertices at vertices u, v, Ui,Wi,Vi, respectively. 

Wc define B{4,4) as Bq, and V{Bg) = {ui,U2,u-i,U4,V2,v^,V4}, where ^(-^2) = 
d^us) = diui) = d{y2) = d{vs) = d{v4) = 2, d{ui) = 4. The graph Bs{a, b, c, d, e, /, g) 
is obtained from Bs by adding a, b, c, d, e, f, g pendent vertices at ui, U2, U3, U4, V2, V3, V4, 
respectively. (See fig. 3). 
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Lemma 4.3 Let BQ{a, b, c, d, e, /) be the graph defined above, if we move all pendent 
edges from vertices u^, to vertex u\. If c + d 0, then 

(pi{Be{a, b, c, d, e, /)) > fi{Bfi{a + c + d,b, 0,0, e, f)),i = 0,1, - ■ ■ , n, 

with equality holds if and only if i & {0, l,n — l,n}. 

Proof. The equality Lpi{BQ{a, b, c, d, e, /)) = (pi{BQ{a + c + d, b, 0, 0, e, /)), i = 0,l,n — 
1 , n can be proved as the proof of Theorem 13. 2[ 

For 2 < i < n — 2, denote "H- and "H, the sets of all TU-subgraphs of G' and G with 
exactly i edges, respectively. Let "H- = "Hf U U "Hf U n'^, where n'/iJ = 1, 2, 3, 4) 
denotes vertices ui,U2,Us,U4 belong to exactly j components. Til can be defined 
similarly. 

For an arbitrary H' G "H^, assume Ui is in a component R' of H'. Assume {Ng{u3)\ 
{U2, U4}) n Nr>{ui) = {m^i, ■ ■ ■ , u^}, Ng{u4) n Nr>{ui) = {<,■■■, <}, where < 
r < mmidcius) - 2, \V{R') \ - 1},0 < s < minldcM - 2, \V{R')\ - 1}. Define H 

with V{H) = V{H'), E{H) = E{H') - {uiui^ Uiui[ - mi< + 

+ ■ ■ ■ + + UiK' + ■■■ + W4<}- Then H G Hi, let f : ^ Hi, and U* = 
f{U'.) = {f{H')\H' G H[}. It is easy to see that H' G V!^ e Uj,] = 1,2,3,4. 

Let A + 1 be the order of the subgraph of H' — U1U2 — U1U4 which contains Ui and 
excluding the vertices in Ng{us) U Nciui) and S + 1 be the order of the subgraph 
of H' — U1U2 — U2U3 which contains U2, and denote G = \Njii{ui) fl Ng{u4)\,D = 
\Nn,{ui) n {Ncius) \ {u2,U4})\, {A,B,G,D> 0, and A, B,G,D is fixed). Denote 
the product of all the orders of components of H' except the components containing 

Ui,U2,U3,U4. 

If we include vertices ui,U3,Ui in a component of H', we have equal sizes of 
components in H' and H, respectively. Then W{H') = W{H). 

Assume vertices mi, 113,^4 belong to at least two components, we distinguish the 
proof into three cases. 

Case 1: H' eUf. 

Subcase 1.1: UiU2,u^Ui G H' , U2U^,UiUi ^ H' , then 

W{H) - W{H') = [{A + B + 2){G + D + 2)-2{A + B + G + D + 2)]-N. 
Subcase 1.2: uiU2,u^Ui ^ H' , U2tt3,MiU4 G H' , then 

W{H) - W{H') = [{A + D + 2){B + G + 2) - {B + 2){A + G + D + 2)]- N. 
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Subcase 1.3: uiU2,U2U3 G H', u^iU^/iiiUi ^ H' , then 

W{H) - W{H') = [(A + S + C + 3)(L> + 1) - (A + B + C + L> + 3)] • A^. 
Subcase 1.4: uiU2,UiU4 e H', U3U4,U2U3 ^ H', then 

W{H) - W{H') ^ [{A + B + D + 3){C + 1) - {A + B + C + D + 3)] ■ N. 
Subcase 1.5: U2Us, U3U4 G H', uiU2,uiU4 ^ H', then 

W(H)-W(H') = [(B + C + D + 3)(A+1) - (A + C + D + 1)(B + 3)] ■ N. 
We can find a bijection between every two subsets of the above subcases. Hence 

J2 W{H) - J2 W{H') > 0. 

Case 2: H' e nf. 

Subcase 2.1: U1U2 G i/', 1*2^3, tt3M4, tiitt4 H' , then 

- = [{A + B + 2){C + 1){D + 1) - {A + B + C + D + 2)]- N. 

Subcase 2.2: ^21*3 G H' , uiU2,U3U4,UiU4 H', then 

W{H)-W{H') = [(A+l)(D + l)(5 + C + 2) - (5 + 2)(A+C + D + l)] - TV. 
Subcase 2.3: U3U4 G ff', uiU2,U2U3,uiU4 ^ H', then 

- W{H') ^ [{A + 1){B + 1){C + D + 2) - 2{B + 1){A + C + D + 1)] • N. 
Subcase 2.4: U1U4 G H', iiiM2, 1*2^3, 1*31*4 ^ ff', then 

W{H) - W{H') ^ [{A + D + 2){B + 1){C + 1) - {A + C + D + 2){B + 1)] ■ N. 
We can find a bijection between every two subsets of the above subcases. Hence 

J2 W{H) - J2 WiH') > 0. 

Case 3: H' G H'^, uiU2,U2U3,U3U4,uiU4 ^ H', then W(H)-W(H') = [(A+1)(B+ 
1){C + 1){D + 1)-{A + C+D + 1){B + 1)]-N^{B + 1){ACD + AC+CD + AD)-N. 
Thus 

^ - Yl WiH') > 0. 
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Combining the above cases and X^He-H^ W{H) = Y1iH'(^h'^ ^{H'), from Theo- 
rem [L2] and / is an injection on the whole. Then 

H'en'i HeH* HeU, 

holds for i = 2, 3, ■ ■ ■ ,n — 1. 

m 

Similar to the proof of Lemma 14.31 we have the following Lemma. 

Lemma 4.4 (1). Let BQ{a,b, 0,0, 0,0) be the graph defined above, if we move all 
pendent edges from vertices U2 to vertex Ui. If b ^ 0, then 

y^,{Be{a,b,0, 0,0,0)) > y^,{Be{a + b,0, 0,0,0, 0)),i = 0,1, ■■■ ,n, 

with equality holds if and only if i & {0, l,n — 1, n}. 

(2) . Let B-j{a,b,c,d,e) be the graph defined above, if we move all pendent edges 
from vertices Ui to vertex u. If 0, then 

iPi{B7{a, b, c, d, e)) > lp^{Br{a + c, b, 0,d,e)),i = 0,1, - ■ ■ , n, 

with equality holds if and only if i G {0, 1, n — l,n}. 

(3) . Let B^{a,b, 0,0,0) be the graph defined above, if we move all pendent edges 
from vertices v to vertex u. If h ^ 0, then 

ip^{Br{a, b, 0, 0, 0)) > ^^iBr{a + b, 0, 0,0,0)),t = 0,1, ■ ■ ■ , n, 

with equality holds if and only if i & {0, l,n — 1, n}. 

(4) . Let Bs{a,b,c,d,e, f,g) be the graph defined above, if we move all pendent 
edges from vertices U2, to vertex Ui. Ifb + c+d^O, then 

(pi{Bs{a,b,c,d,e,f,g)) > ipi{Bs{a + b + c + d,0, 0,0, e, f, g)),i = 0,1, ■■ ■ ,n, 

with equality holds if and only if i E {0, l,n — l,n}. 

(5) . Let Bs{a,0,0,0, e, f, g) be the graph defined above, if we move all pendent 
edges from vertices V2, fs, to vertex Ui. Ife + f + g^O, then 

ip.,iBsia, 0, 0, 0, e, f, g)) > ipi{B^{a + e + f + g,0,0,0,0,0,0)),i = 0,1,- ■ ■ ,n, 

with equality holds if and only if i E {0, l,n — 1, n}. 
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For any graph G and v G V{G)^ let Qg\v{,x) be the principal submatrix of Qg{.x) 
obtained by deleting the row and column corresponding to the vertex v. Similar to 
the proof of Theorem 12.21 and Theorem 12.31 we can prove the following two lemmas. 

Lemma 4.5 If G = Gi\u : 6*21'^, then Qg{x) = Qgi{x)Qg2{^) " QgAx)Qg2\v{x) - 

QG2i.x)QGi\u{.x). 

Lemma 4.6 If G he a connected graph with n vertices which consists of a subgraph 
H{\V{II)\ > 2) and n — \V{H)\ pendent vertices attached to a vertex v in H, then 
Qg{x) = {x- l)("-l^(^)l)gH(x) - (n - \V{H)\)x{x - 1)^''-\^^"^\'^^Qh\v{x) . 

Let f{x) = Er=o(-l)'«i^""''^?(^) = Er=o(-l)'%2;™-^ai > 0,6, > 0. Then 
it is easy to see f{x)g{x) = f{x) = YlT=o (~^)'' Yli=o has coefficients 
alternate with positive and negative. 

By using Lemma 14.51 and Lemma 14.61 we can compute the signless Laplacian 
polynomials of seven special n- vertex bicyclic graphs. For convenience, write Qg{x) 
as Q{G, x). 

g(Si(n-5,0,0,0,0),x) = (x- l)"~^(x-3)[x3- (n + 3)x2 + 3nx-8], 
g(S2(n-6,0,0,0,0,0),x) = {x - l)''-^{x -2)[x^ - {n + 6)x^ + 7{n + l)x^ -2{7n- 
l)x^ + 2{3n + 8)x - 8], 

g(S3(n-4,0,0,0),x) = (x- l)"-'^(x-2)[x3- (n + 4)x2 + 4nx-8], 
QiB^n - 5, 0, 0, 0, 0),x) = {x- l)''-^[x^ - (n + 8)x'' + 9{n + 2)x^ - (27n + 10)x^ + 
(31ri + 10)x^ - (lln + 32)x + 16], 

Q(S5(n-6,0,0,0,0,0),a;) = (x - l)"-^(x - 2)[a;6 - (n + 7)x^ + (9n + 8)x^ - (26n- 
22)x^ + {27n - 30)x'^ - {8n + 8)x + 8], 

Q{Be{n - 6,0,0,0,0,0),a;) = x{x - l)''-%x - 3)[x^ - {n + 5)x^ + (7n - l)^^ - 
{13n - 17)x + 5n], 

Q{Bj{n - 5, 0, 0, 0, 0), x) = x{x - lY-^{x - 2f[x^ - {n + A)x'^ + (5n - 2)x - 3n], 
QiB^n - 7, 0, 0, 0, 0, 0, 0), x) = x(x - 1)"-S(x - 2f{x'^ - 4x + 2)[x^ - (n + 2)x2 + 
2(2n-3)x-2n]. 
Then we have 

QiB^n - 5, 0, 0, 0, 0), x) - Q{B^{n - 4, 0, 0, 0), x) 

= (x- l)"-^(x2 -nx + 8). (1) 

Q{B2{n - 6, 0, 0, 0, 0, 0), x) - Q{B^{n - 5, 0, 0, 0, 0), x) 
= x(x - l)"-6[x3 - (n + 2)x2 + (3n + 2)x - (n + 8)]. (2) 
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Q(54(n - 5, 0, 0, 0, 0), x) - QiBsin - 4, 0, 0, 0), x) 
= x{x - - 3)x^ - {6n - 20)x^ + (9n - 30)x - (3n - 8)]. (3) 

Q(S5(n - 6, 0, 0, 0, 0, 0),x)- Q{Bs{n - 4, 0, 0, 0), x) 
= x(x - 2){x - l)"-^[(2n - 7)x^ - (lln - 43)^2 + (14n - 58)x - (4n - 16)]. (4) 

Thus B^ln — 4, 0, 0, 0) has minimum signless Laplacian coefficients in the set {Bi{n — 

5, 0, 0, 0, 0), S2(n - 6, 0, 0, 0, 0, 0), B^in - 4, 0, 0, 0), B^{n - 5, 0, 0, 0, 0)}. 

Moreover, 

Q{Bsin - 7, 0, 0, 0, 0, 0, 0), x) - QiB(^{n - 6, 0, 0, 0, 0, 0), x) 
= x(x - l)"-8[x^ -{n + 4)x^ + (6n + l)x^ - {lln - Q)x^ + 3{2n + l)x - n]. (5) 

Q{Be{n - 6, 0, 0, 0, 0, 0), x) - Q{B7{n - 5, 0, 0, 0, 0), x) 
= x(x - l)"-6[(n - 4)x3 - (7n - 28)x^ + (12n - 43)x - 3n]. (6) 

Thus Bi{n—5, 0, 0, 0, 0) has minimum signless Laplacian coefficients in the set {BQ{n— 

6, 0, 0, 0, 0, 0), Bjin - 5, 0, 0, 0, 0),Bs{n - 7, 0, 0, 0, 0, 0, 0)}. 

For convenience, write B^^n — 4, 0, 0, 0) as B^, Bj{n — 5, 0, 0, 0, 0) as B"^. 

5 The graphs which have minimum signless Lapla- 
cian coefficients in B^{n) and B'^{n) 

Theorem 5.1 In the set B^{n), for G G B\n), G ^ B^ ipi{G) > ^i{Bl),i = 
0, 1, ■ ■ ■ ,n. With equality if and only if either i G {0, 1, n— 1, n} when G = B{P2, P2, Pi) 
or i & {0, 1} otherwise. 

Proof. Let G be an arbitrary graph in B^{n). We need to prove after series of trans- 
formations, G will become to Bj^ and has minimum signless Laplacian coefficients 
in B^{n). 

Step 1: When there is a non-pendent edge uv which is not on the cycle. By 
performing the transformation of Definition 13.11 to uv, we have G^y G B^{n), and 
fi{G) > ipi{Guv), = 2, 3, ■ ■ ■ , n — 1 by Theorem 13. 2[ 

After performing Step 1 consecutively, it is easy to see that all cut edges are 
pendent edges in the resulting graph. 
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Step 2: Since G is a bicyclic graph, there are two minimal cycles Ci,C2 in G. 
For u,v,w G V{Ci) and satisfy the claim of Definition 13.31 if |y(Ci)| > 5, and 
\V{C2) n V{Ci)\ > 3, by the assumption \V{C2) n V{Ci)\ = min {k,l,m}, we have 
|^(C'2)| > 5. Then we perform the transformation of Definition 13.31 to u,v,w G 
V{Ci) n V{C2), and obtain G', by Theorem |321 ^iiG) > ipi{G'),i = 2, 3, ■ ■ ■ , n, and 
the lengths of the cycles of G are decreased by 2. 

If \ViCi)\ > 5, and \V{C2) n V{Ci)\ < 3. Assume u,v,w satisfy the claim of 
Definition 13.31 and at most one of {u, v, w} belongs to V{Ci)nV{C2), then we perform 
the transformation of Definition l3.3l to u, v, w, and obtain G', by Theorem 13. 4[ (pi{G) > 
ipi{G'),i = 2, 3, ■ ■ ■ , 71, and the length of Ci is decreased by 2, while the length of C2 
keeps unchanged. 

Therefore, after taking Step 2 consecutively, we obtain five types of graphs which 
has been discussed from Lemma 14.11 and Lemma 14.21 then by comparing the signless 
Laplacian polynomials of the resulting five extremal graphs, it is easy to see that B\ 
has minimum signless Laplacian coefficients in B^{n) by equations (l)-(4). ■ 

By Theorem 11.31 and Theorem I5.lt we obtained the following corollary. 

Corollary 5.2 In the set of all n-vertex bicyclic graphs in B^{n), is the unique 
graph with the minimal IE. 

Theorem 5.3 In the set B\n), for G G B^{n), G ^ Bl, ipi{G) > ^Pi^BD^i = 
0, 1, ■ • ■ ,n. With equality if and only if either i G {0, 1, n—1, n} when G = B{P2, P2, P2) 
or i E {0, 1} otherwise. 

The proof is similar to the proof of Theorem 15. 1[ 

By Theorem 11.31 and Theorem 15. 3[ we obtained the following corollary. 

Corollary 5.4 In the set of all n-vertex bicyclic graphs in B'^{n), B^ is the unique 
graph with the minimal IE. 

From Corollary 15.21 and Corollary 15.41 we immediately get the following result. 

Corollary 5.5 Ifn < 30, then for G G B{n) we have IE{G) > IE{B^), with equality 
if and only if G ^ B^. Ifn > 31, then for G G B{n) we have IE{G) > IE{Bl), with 
equality if and only if G = B\. 
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Proof. From Corollary 15.21 and Corollary 15. 4[ for G G B{n) we have IE{G) > 



where ai > a2 > 03 are the roots of — {n + 4)x^ + Anx — 8 = 0, /3i > > /^s are 
the roots of x^ — {n + 4)x^ + {5n — 2)x — 3n = 0. 

For n < 30, by Matlab 7.0 it is easy to see IE{B^) > IE{Bl) holds. 

For n > 31, it is easy to see that n < ai < n + 0.01, 3.93 < 02 < 4, < 03 < 
0.066, and n - I < (3i < n - 0.995, 4.27 < ^2 < 4.31, 0.697 < /^a < 0.726, and 



0.5899 <Eti(VA-v^)< 1- 

Then we have IE{Bl) - IE{Bl) = ^2 - 2 + - V^) > 0. ■ 
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